The microscopic derivation of the interaction between rotons is presented both for large values of the total momentum Q and for Q=O.
The Raman scattering experiment performed on liquid helium II by Greytak and Yan 1 l. 2 l has provided informations about the spectrum of the pair of elementary excitations with zero total momentum. Ruvalds et al. 3 l,il attempted to explain the results and pointed out the possibility of the formation of the bound raton pair, which is formed whenever the interaction between rotons with zero total momentum is attractive. Iwamoto') independently succeeded in interpreting the Raman spectrum in terms of the attractive final state interaction between rotons. The roton-roton coupling estimated from the Raman experiment is -1.2 X 10-39 erg · cm 3 • The possibility of deriving the attractive interaction between rotons with zero total momentum ·was investigated by Rajagopal, Bagchi and Ruvalds 6 l on the basis of the Hamiltonian proposed by Sunakawa, Yamasaki and Kebukawa.n But their strength of the interaction calculated in the lowest order by the perturbational method has been too large to compare it with the experimental value. More recently, Yamasaki, Kebukawa and Sunakawa 8 l obtained the nevv Hamiltonian by means of the canonical transformation from the old one and reinvestigated the roton-roton interaction. And the coupling constant in the same order of magnitude with experimenatl one was obtained.
Cowley and Woods') examined the excitation spectra of liquid helium II by means of the neutron scattering experiment and found out the two-branch structure of them. Theoretically, Iwamoto 10 l and Zawadowski, Ruvalds and Solana 4 l showed that the two-branch structure of the excitation spectra of liquid helium II could be formed as a result of the hybridization of the single excitation state and the excitation pair continuum. Especially, Zawadowski, Ruvalds and Solana assumed *l Present address: 28-18, Tsukuno, Tsurumi-ku, Yokohama 230.
the attractive interaction between rotons over the wide range of their total momentum, \vhich was extending from zero to the double of the roton momentum
Po, and formed the bound roton pairs over the same range. And they tried to explain the results of the Raman scattering experiment and the two-branch structure of the excitation spectra found by the neutron scattering experiment, simultaneously. Fukushima, Koyama and Sugiyama 1 D have remarked that the upper broad branch of the excitation spectra may be the resonance level of the rotonmaxon pairs and that the roton-roton interaction may be attractive both for large total momentum Q>jJ 0 and for Q = 0 and repulsive for the other range of the total momentum. Tiitti:i and Zawadowski 12 ) recently suggested that the two-roton bound state has the significant role in understanding the results of the neutron scattering on liquid helium II and an effective roton-roton interaction g!ff obtained in considering the hybridization process by use of the perturbational method is the relevant quantity instead of the direct roton-roton interaction g 4 to fit to the experimental data of the viscosity coefficients and the roton energy. As they convinced, the effective interaction between rotons with large total momentum, 2.4A -J<Q<3.5A -\ seems to be negative, thus the two-roton bound state exists in this total momentum region and the plateau part of the excitation spectra can be explained. This effective interaction has the order of magnitude of 10-38 erg · cm 3 estimated from the viscosity coefficient and the roton energy measurements. 13 ) As discussed by many authors, the several channels of the scattering process of two rotons seem to be required for fitting the roton energy and its lifetime to the experimental results.
It should be noticed that the roton-roton interaction has the magnitude of -1.2 X 10-39 erg · cm 3 for the zero total momentum and the order of magnitude of erg· cm 3 for other total momentum.
On the basis of the same Hamiltonian as of the previous paper,ll) in which the many-boson system interacting via nonsingular and net repulsive force is considered, in this paper we investigate microscopically the dependence of the interaction between rotons on their total momentum.
Taking account of the effect of the Bose condensation performed by replacing the zero momentum operator Co and C0 + by a e-n umber vN~ and one of the pair correlation made by the Bogoliubov transformation,w the excitation energy of the single quasiparticle and the residual interaction between them are defined. The quasiparticle energy has at zero momentum limit an energy gap, eliminated by considering the residual interaction in the previous paper.ll) However it has the structure of the roton and therefore the residual interaction contains the roton-roton interaction parts. The direct roton-roton interaction is repulsive over the wide range of their total momentum. It is necessary to take account of the appropriate renormalization procedure in order to obtain the attractive rotonroton interaction. In this paper, the scattering amplitude of two quasiparticles with the total momentum Q is calculated in the lowest order by use of the pertur- bational method and numerically we estimate the magnitude of the roton-roton coupling constant both for large total momentum and for Q = 0. As will be discussed in the following sections, the effective interaction between rotons calculated by the perturbational method are not influenced by the existence of the gap in the excitation energy at zero momentum limit, as far as the roton-roton interaction 1s concerned.
In § 2, we consider both effects of the Bose condensation and the pair correla- 
On the diagonalization of 1-I,, uQ and vQ are determined by use of Eq. (4) as follows:
The single-quasiparticle energy liJQ has an energy gap at zero momentum limit, which is eliminated by considering the residual interaction in the previous paper. The residual interaction H 3 and H 4 contain the information about the roton-roton interaction, because the quasiparticle energy liJQ has the nature of the rotan as shown in the previous paper. We would like to write down H 3 and l-!4 explicitly, for the sake of the calculation in the next section, where and with 
The direct interaction between rotons with the total momentum Q is obtained by setting lpl, IQ-pl, lp'l and JQ-p'J to the roton momentum Po in g4a(p,p',Q).
Thus we find
In the case of the repulsive force, V Q>O, g4dir is positive over the wide range of the total momentum of roton pair. Therefore, we will calculate the scattering amplitude of the roton pair and investigate the effective interaction between rotons in the next section.
§ 3. Effective interaction between rotons
Tutto and Zawadowski suggested that the relevant quantity for fitting the roton parameter was the effective roton-roton interaction g!ff which was calculated in considering the hybridization process in the perturbational method and that g!ff should be negative at the large total momentum Q, 2.4A -l<Q<3.5A -1 • The two-roton bound state formed by this negative interaction realizes the plateau part of the observed excitation spectra when the hybridization process between the single-particle and the two-particle levels is considered. The effective interaction seems to have the order of magnitude 10-88 erg·cm 8 ,p', Q) +gt(Q-p,p', Q) +gt(p, Q-p', Q) +g4a(Q-p, Q-p', Q) (19)
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( and Sunakawa et al. considered similar diagrams, but did not take account of the contributions from the matrix elements As and A 6 to the scattering amplitude, because they considered only the interaction between rotons with zero total momentum.
In discussing the interaction between rotons with non-zero total momentum, we should appreciate the contributions from As and A 6 to the scattering amplitude. Now, we write down explicitly the scattering amplitude by use of (up,-vp (22) where lpl, lp'l, iQ-pi and IQ-p'l are all put to the rotan momentumP0, because we take an interest in the roton-roton scattering amplitude hereafter. It should be noticed that the scattering amplitude given by Eq. (22) is not influenced by the existence of the gap at zero momentum limit in the excitation energy. In the third and the fourth terms of Eq. (22), the gap of Wp is eliminated by the combination with the factor (uP-vp) 2 • (i) Zero total momentum First, we investigate the scattering amplitude for zero total momentum, Q = 0.
Eqs. (12), (13), (15), (16), (18) "--' (21)
In this case, we should consider only the first four terms in Eq. (22), because the fifth and the sixth terms derived from the matrix elements A 5 and A 6 in Fig. 1 are inhibited for Q = 0. Thus, we find for Q = 0
We note here that T (8) is an even function of cos e, where e is the scattering angle defined by (p·p') =P0 2 cos8. Thus, the scattering amplitude T (8) (ii) Large total momentum 
. Concluding remarks
On the basis of the results calculated in the preceeding section, \Ve would like to discuss how the roton-roton interaction depends on their total momentum and has the significant role in the observed excitation spectra of the neutron scattering experiment.
We have shown that, for Q = 0, the calculated effective interaction gD between rotons in D-state has the same order of magnitude with the one expected from the Raman experiment, -1.2 X 10-39 erg · cm 3 • It is interesting to note that the above value from the Raman experiment differs by one order of magnitude from the one estimated from the experiments of roton parameters, 10-38 erg · cm 3 • On the other hand, in order to explain the plateau part of the excitation spectra observed in the neutron scattering experiment, the hybridization process of the two-roton bound state with the single-quasiparticle state has an essential role as discussed by many authors. Therefore, it has been also important to investigate the possibility of the attractive roton-roton interaction in the hybridization regwn. We have calculated the scattering amplitude of the roton pair with large total momentum, Q>v 2 P0, where the hybridization process occurs, and shown that the effective interaction between rotons in the above region is negative as predicted by Tiitto and Zawadowski. Moreover, we have obtained the effective interaction in the same order of magnitude with the one from the experiments of roton parameters, using the same parameters ro and rp, as the numerical calculation for
Q=O.
As discussed in the preceeding sections, the calculated scattering amplitude of two rotons is not influenced by the existence of the gap at zero momentum limit in the excitation energy. However, in order to retain the overall description of the effective interaction between q uasiparticles, phonon-phonon, roton-roton and maxon-maxon, we should solve the problems in the appropriate self-consistent manners.
Lastly, we would like to state about the excitation spectra observed in the neutron scattering experiment. The plateau part of the excitation spectra terminates near Q = 3.5A -1 • From this fact, it seems to be considered that roton bound pairs with the total momentum, Q>3.5A-\ do not exist. From this conjecture, the roton-roton interaction may be positive in the range of their total momentum, Q>3.5A -1 and therefore it is desirable to perform the further investigation on the roton-roton interaction.
